Abstract. We study the Abreu's equation in n-dimensional polytopes and derive interior estimates of solutions under the assumption of the uniform K-stability.
Introduction
The primary goal of this paper is to study a nonlinear fourth-order partial differential equation for an n-dimensional convex function u of the form (1.1) n i,j=1
Here, A is a given function and (u ij ) is the inverse of the Hessian matrix (u ij ). The equation (1.1) was introduced by Abreu [1] in the study of the scalar curvature of toric varieties, in which case the domain of u is a bounded convex polytope in R n and A is the scalar curvature of toric varieties. Abreu proved that its solution u yields an extremal metric on toric varieties when A is a linear function in ξ. Guillemin [15] observed that u is required to have prescribed boundary behavior near the boundary of the polytope. As is well known now, the solvability of the equation (1.1) is closely related to certain stability conditions.
Tian [19] first introduced K-stability and proved that it is a necessary condition for the existence of a Kähler-Einstein metric with positive scalar curvature. The sufficiency on Fano manifolds was recently established by Tian [22] , and by Chen, Donaldson and Sun [9] . This provides an affirmative answer to the Yau-Tian-Donaldson conjecture on Fano manifolds.
Donaldson [10] generalized the notion of K-stabililty by giving an algebrogeometric definition of the Futaki invariant. In particular, he formulated Kstability for polytopes and conjectured that it is equivalent to the existence of Kähler metrics of constant scalar curvature (cscK metrics) on toric varieties. This function was first introduced by Guillemin [15] . It defines a Kähler metric on the toric variety defined by ∆ if ∆ is a Delzant polytope.
We first introduce several classes of functions. Set C = {u ∈ C(∆) : u is convex on∆ and smooth on ∆}, S = {u ∈ C(∆) : u is convex on∆ and u − v is smooth on∆}, where v is given in (1.2). For a fixed point p o ∈ ∆, we consider
We say functions in C po and S po are normalized at p o . Let A be a smooth function on∆. Consider the functional
When A is a constant, F A is known to be the Mabuchi functional and L A is closely related to the Futaki invariants.
This is the Abreu's equation (1.1). It is known that, if u ∈ S satisfies the equation (1.1), then u is an absolute minimizer for F A on S.
Definition 1.1. Let A be a smooth function on∆. Then, (∆, A) is called uniformly K-stable if the functional L A vanishes on affine-linear functions and there exists a constant λ > 0 such that, for any u ∈ C po ,
We also say that ∆ is (A, λ)-stable.
The conditions in Definition 1.1 are exactly the contents of Condition 1 [11] , introduced by Donaldson.
The following interior estimate is the main result in this paper. Theorem 1.2. Let ∆ be a bounded open polytope in R n and A be a smooth function on∆. Suppose (∆, A) is uniformly K-stable and u is a solution in S po of the Abreu's equation (1.1). Then, for any Ω ⊂⊂ ∆, any nonnegative integer k and any constant α ∈ (0, 1),
where C is a positive constant depending only on n, k, α, Ω, and λ in the uniform K-stability.
As we mentioned earlier, Donaldson [11] [3] and estimates for Monge-Ampère equations due to Caffarelli [2] . Legendre transforms play an important role in our arguments. In fact, we establish the interior estimates for the Legendre transform of u, instead of for u directly.
This paper is organized as follows. In Section 2, we derive an equivalent equation for the Legendre transforms. In Section 3, we derive an upper bound of the determinants of the Hessian of solutions satisfying the Guillemin's boundary conditions. Such an upper bound plays an important role in this paper. Finally in Section 4, we prove Theorem 1.2.
Preliminaries
In this section, we write the Abreu's equation (1.1) in its equivalent form for Legendre transforms.
Let f = f (x) be a smooth and strictly convex function defined in a convex domain Ω ⊂ R n . As f is strictly convex, G f defined by
The function u on R * n
is called the Legendre transform of f . We write
Conversely, f = L(u). It is well-known that u(ξ) is a smooth and strictly convex function. Corresponding to u, we have the metric
Under the normal map ∇ f , we have
. Now we derive a formula for the Laplace-Beltrami operator ∆ in terms of x 1 , ..., x n and f . Recall that
where (f ij ) denotes the inverse matrix of (f ij ) and
Differentiating the equality f ik f kj = δ i j , we have
It follows that
Inserting (2.4) into (2.3), we obtain (cf. [17] )
In particular, (2.6) ∆f = n + n + 2 2ρ ∇ρ, ∇f , and
where ·, · is with respect to the metric G f . Similarly in terms of coordinates ξ 1 , ..., ξ n , we have
and hence,
where ·, · is with respect to the metric G u .
Lemma 2.1. The Abreu's equation (1.1) is equivalent to any of the following two equations:
and (2.9) ∆ρ = n + 4 2
where and later ∆ and · are with respect to the metric G f .
Proof. The equivalence between (1.1) and (2.8) is well-known. We now prove the equivalence between (2.8) and (2.9). Note that
where ρ i = ∂ρ ∂x i and ρ ij = ∂ 2 ρ ∂x i ∂x j . It is easy to see that (2.8) is equivalent to
which is equivalent to (2.9) by (2.5).
Estimates of the Determinant
Let u ∈ S be a solution of the Abreu's equation (1.1). In this section, we derive a global upper bound of the determinant of the Hessian of u. Recall that the classes S and S po were introduced in Section 1.
The following two lemmas were proved by Donaldson [11] . Refer to Theorem 5 and Theorem 6 [11] .
Lemma 3.1. Suppose that u ∈ S satisfies the Abreu's equation (1.1) . Then,
where C 1 is a positive constant depending only on n, max∆ |A| and diam(∆).
In fact, we can take
We point out that we can take α = 0 in Theorem 5 [11] .
Lemma 3.2. Suppose that u ∈ S po satisfies the Abreu's equation (1.1).
Assume that the section
is compact and that there is a constant b > 0 such that
where C 2 is a positive constant depending on n, C and b.
Here, we write Theorem 6 [11] in the form of Lemma 3.2 for convenience of applications in this paper.
We point out that Theorem 6 [11] holds for all dimensions. However, in Donaldson's application of this result, additional information on "modulus of convexity" of u is required. Such a modulus of convexity was verified only for the 2-dimensional case. Refer to Section 5 [11] for details. It is not clear whether the required modulus of convexity holds for higher dimensions.
In the following, we derive a global estimate for the upper bound of det(D 2 u), which plays a key role in this paper. This new upper bound relates to the Legendre transforms of solutions.
For any point p on ∂∆, there is an affine coordinate {ξ 1 , ..., ξ n }, such that, for some 1 ≤ m ≤ n, a neighborhood U ⊂∆ of p is defined by m inequalities
where α is a smooth function inŪ . By Proposition 2 in [11] , we have the following result. Lemma 3.3. There holds
where β(ξ) is smooth up to the boundary and β(0) = 1.
Denote by d E (p, ∂∆) the Euclidean distance from p to ∂∆. By Lemma 3.3, we have
where C is a positive constant.
Recall that p o ∈ ∆ is the point we fixed for S po . Now we choose coordinates ξ 1 , ..., ξ n such that ξ(p o ) = 0. Set 
Then,
where C 3 is a positive constant depending only on n and ∆, and C 4 is a positive constant depending only on n, d, b and max∆ |A|.
Proof. Let v be given as in (1.2). By adding a linear function, we assume that v is also normalized at p o . Denote g = L(v). By (3.1), it is straightforward to check that there exists a positive constant C 1 such that det(v ij )e −C 1 g → 0 as p → ∂∆.
Consider, for some constant ε to be determined,
, where C 2 = C 1 n+2 and ρ is defined in (2.1). By (3.2), F → 0 as p ∈ ∂∆. Assume F attains its maximum at an interior point p * . Then at p * , we have
where we used (2.9) for ∆ρ. By (2.6) and (2.7), we get
By inserting (3.3) into (3.5) and by the definition of Φ in (2.2), we obtain
By the Schwarz inequality, we have
Hence,
Combining (3.6) and (3.7) yields
By choosing ε > 0 such that 10εb ≤ 1, we have
By the relation between the geometric mean and the arithmetic mean, we get ρ
Therefore, F (p * ) ≤ C 5 , and hence F ≤ C 5 everywhere. The definition of F implies exp {−C 2 f } ρ
This is the desired estimate.
Proof of the Main Theorem
In this section, we prove Theorem 1.2. We first introduce a notation. For any u ∈ C p 0 , we set
An important consequence of the uniform K-stability is the following result. See Corollary 2 [11] .
Lemma 4.1. Suppose (∆, A) is uniformly K-stable and u ∈ S po is a solution of the Abreu's equation (1.1). Then,
where C is a positive constant depending only on n and λ.
Donaldson pointed out that Lemma 4.1 implies interior gradient estimates of solutions of the Abreu's equation. See Corollary 3 [11] . As a consequence, a sequence of normalized solutions {u (k) } ⊂ S po with uniformly bounded u (k) b is locally uniformly convergent to a convex function u in ∆. (See Section 5 [10] ) Now, we are ready to prove the following result.
Theorem 4.2. Suppose that (∆, A) is uniformly K-stable and that {A (k) } is a sequence of smooth functions in∆ such that A (k) converges to A smoothly in∆. Assume u (k) ∈ S po is a sequence of solutions of the Abreu's equation
Then there is a subsequence, still denoted by u (k) , such that u (k) converges to u smoothly in any compact set Ω ⊂ ∆, for some smooth and strictly convex function u in ∆.
We note that Theorem 4.2 is equivalent to Theorem 1.2.
Proof of Theorem 4.2. Since (∆, A) is uniformly K-stable and A (k) converges to A smoothly in∆, then (∆, A k ) is uniformly K-stable for large k, i.e., ∆ is (A k , λ)-stable for some constant λ > 0 independent of k. Since u (k) satisfies the Abreu's equation (4.2), then
and hence, u
It follows that u (k) locally and uniformly converges to a convex function u in ∆.
Claim. For any point ξ ∈ ∆ and any B δ (ξ) ⊂ ∆, there exists a point ξ o ∈ B δ (ξ) such that u has second derivatives and is strictly convex at ξ o . Here, B δ (ξ) denotes the Euclidean ball centered at ξ with radius δ.
The proof of the claim is the same as in [4] . For convenience, we present the proof here. Since u is convex, it has second order derivatives almost everywhere. Let G ⊂ B δ (ξ) be the set where u has second order derivatives. Then, |B δ (ξ)\G| = 0. Let O be an open subset of B δ (ξ) such that B δ (ξ)\G ⊂ O with |O| ≤ ǫ. We choose ǫ so small that
By Lemma 3.1 and the weak convergence of Monge-Ampère measures, we have
Hence, there exists a point
The claim is proved.
We now choose coordinates such that ξ o = 0. By adding linear functions, we assume that all u (k) and u are normalized at 0. Since u is strictly convex at 0, there exist constants ǫ ′ > 0, d 2 > d 1 > 0 and b ′ > 0, independent of k, such that, for large k,
By Lemma 3.1 and Lemma 3.2, we have
where C 1 < C 2 are positive constants independent of k. By an estimate due to Caffarelli and Gutiérrez [3] , there is a uniform interior C α -bound of det(u (k) ij ). Caffarelli and Gutiérrez originally proved this result for homogeneous linearized Monge-Ampère equations. Trudinger and Wang [23] pointed out that such a result can be extended to the Abreu's equation (4.2) if A k ∈ L ∞ (∆), under the assumption (4.4). (See also [11] .) By C 2,α estimates for Monge-Ampère equation due to Caffarelli [2] , we have, for any Ω * ⊂ B d 1 (0),
Then, we employ the Schauder estimate to conclude that {u (k) } converges smoothly to u. Therefore, u is a smooth and strictly convex function in S u (0, ǫ ′ /2).
Let f (k) be the Legendre transform of u (k) . Then, {f (k) } locally uniformly converges to a convex function f defined in the whole R n . Furthermore, in a neighborhood of 0, f is a smooth and strictly convex function such that its Legrendre transform u satisfies the Abreu's equation.
By the convexity of f (k) and the local and uniform convergence of {f (k) } to f , we conclude, for any k,
and, for any C > 1,
for some positive constants d, b, r and R C = R(C) > 0. By Lemma 3.1 and Lemma 3.4, we have
We note that each f (k) satisfies (2.8), with f and A there replaced by f (k) and A (k) . By the C α -estimates due to Caffarelli and Gutiérrez and the C 2,α -estimates due to Caffarelli as above, we conclude that {f (k) } uniformly and smoothly converges to f in S f (0, C/2). Since C is arbitrary, f is a smooth and strictly convex function in R n , and the sequence {f (k) } locally and smoothly converges to f . By Legendre transforms, we obtain that u is a smooth and strictly convex function in ∆ and that the sequence {u (k) } locally and smoothly converges to u. This completes the proof of Theorem 4.2.
